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Abstract We analyze canard explosions in delayed differential equations with a one-dimensional slow manifold.
This study is applied to explore the dynamics of the van der Pol slow-fast system with delayed self-coupling.
In the absence of delays, this system provides a canonical example of a canard explosion. We show that as the
delay is increased a family of ‘classical’ canard explosions ends as a Bogdanov-Takens bifurcation occurs at the
folds points of the S-shaped critical manifold.
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Introduction
Nonlinear dynamical systems with multiple timescales and delays are essential in applications. For instance,
realistic models of neuronal dynamics accounting for the dynamics of neuronal areas involve several excitable
elements, whose dynamics occur on very different timescales, interacting after delays due to the transmission
of information through synapses. Similar problems arise in different domains, including mechanical systems [2],
macroscopic phenomena arising in chemistry, physics or social science. Such nonlinear systems involving multiple
timescale dynamics and delays generally display a rich phenomenology, and particularly a wide repertoire of
complex periodic behaviors. Slow-fast systems have been chiefly analyzed in finite-dimensional contexts. The
topic of the present paper is to analyze the role of delays in dynamics of slow-fast systems.
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Slow-fast system have attracted a lot of attention from theoreticians and applied mathematicians. One
phenomenon of particular interest in such systems is the so-called canard explosion, that describes a very fast
transition, upon variation of a parameter, from a small amplitude limit cycle to a relaxation oscillation, type
of periodic solution consisting of long periods of quasi static behaviors interspersed with short periods of rapid
transitions. These oscillations are ubiquitous in systems modeling chemical or biological phenomena [13, 18].
Canards were first studied about thirty years ago [1] in the context the van der Pol (vdP) equation with
constant forcing. The authors showed that close to a Hopf bifurcation in this system, a small change of the
forcing parameter leads to such a fast transition from small amplitude limit cycles to large amplitude relaxation
cycles. This canard explosion happens within an exponentially small range of the control parameter. These
phenomena generically arise in two-dimensional dynamical systems [16]. In higher dimensional systems with
multiple timescales, more complex oscillatory patterns may arise. Two examples are given by the so-called
Mixed Mode Oscillations (MMO) [7] and bursting [19]. Here, we show how to extend the theory of canard
explosions to the setting of delayed equations. In a companion paper [17], we complete this characterization by
investigating theoretically and numerically the emergence of mixed-mode oscillations and bursting.
The problem of canard explosions in delayed equations was first addressed by Campbell et al [2] for the
analysis of a model of controlled drilling in the limit of small delays. In this regime, using the property that such
systems present a two-dimensional inertial manifold [5], they propose a two-dimensional ODE representation
of the infinite-dimensional delayed system in the regime of small delays. This allows them to use the standard
analysis of canards explosions in two dimensions and obtain a picture consistent with simulations of the original
delayed system. Here, we do not restrict our analysis to small delays, and therefore reduction to a small
dimensional ODE is no more possible. In this general case, canard explosions persist. Indeed, as shown in [16],
the generic mechanism of canard explosions in two dimensions relies upon Fenichel theory [12], the existence of
connections in the fast subsystem, and the analysis of trajectories near non-hyperbolic points (fold points and
canard points). For higher dimensional problem, center manifold reduction near fold points and canard points
is necessary. Such elements are found in general delayed systems with one-dimensional slow manifold, as is the
case of our system of interest, the self-coupled delayed van der Pol oscillator. In particular, Fenichel theorem
for advance and delayed equations has been developed in [14], center manifold theory is classical [8, 11, 3]. We
show that these elements lead to the presence of canard explosions in delayed equations.
We apply this theory to the delayed self-coupled vdP oscillator, and show the existence of canard explosions.
In a companion paper [17], we show that beyond canard explosion, the system presents a richer dynamics
than the sole canard explosion. Indeed, the fast dynamics is described by a one-dimensional delayed equation
manifesting highly non-trivial dynamics and yielding, in the slow-fast system, complex oscillatory patterns
including small cycles, relaxation cycles, MMOs, bursting and chaos.
The paper is organized as follows. In section 1 we present some general results on canard explosion for a
class of delay differential equations. In section 2 we apply these results to the retarded van der Pol system.
Appendix A gives an overview of Fenichel’s theory in the setting of our problem. Finally, appendix B reviews
the results of Campbell et al [2] in the case of small delays.
1 General Theory
The theory of canard explosion developed for finite-dimensional ordinary differential equations, relies on three
main ingredients: the existence and persistence of slow manifolds (Fenichel theory), a center manifold theory
(generally near a fold point or a more degenerate point, e.g. Bogdanov-Takens point) and the existence and
persistence of connections in the fast system. In this section, we show that all these elements persist in the
infinite-dimensional setting of delayed differential equations, and that together, they yield canard transitions.
1.1 Fenichel theorem for delayed equation
The Fenichel theorem [12] proves the existence of slow manifolds and their persistence in slow-fast dynamical
systems. While the original result holds for finite-dimensional equations, much effort has been devoted to
extend this theory to infinite dimensional systems. In particular, the theorem has recently been extended to the
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context of advanced-retarded equations (more general than studied here) by Hupkes and Sandstede [14]. For
such equations, the absence of a semiflow due to the advance term prevents from using classical analysis based
on semi-groups [8]. Their result of applies to the case of delayed differential equations. However, in that simpler
case, we can use usual methods of spectral decomposition of the system and the semiflow of the equation,
therefore readily extending the more classical techniques, developed in [9, 8], in order to prove Fenichel theory.
This is why we state here a result which is convenient for our purposes, and include a sketch of the proof based
on these methods in appendix A.
Let X = C([−h, 0],Rn). We consider the following delay equation:
x′t =
∫ h
0
dζ(yt, τ)xt−τ + f(xt, yt, ε)
y′t =εg(xt, yt),
(1)
with x ∈ Rn, y ∈ R, f : X × R× R+ → Rn, f(0, y, 0) = 0 and D1f(0, y, 0) = 0. We denote by xt the element
of X corresponding to the map xt(θ) = xt+θ for θ ∈ [−τ, 0]. The above equation is classically written as a
dynamical system in terms of the variable xt taking values in X. The fast subsystem, obtained by setting ε = 0
in (1), is given by
x′ =
∫ h
0
dζ(y, λ, τ)xt−τ + f(xt, y, λ), (2)
with y playing the role of a parameter. The set of equilibria of (1) parametrized by y is known as the critical
manifold. We denote this set by S. Suppose that a segment of S can be represented as a graph of a function
φ : [y1, y2]→ Rn. Then we can translate this segment of S to the origin. Hence we can assume that x = 0 is a
solution of (2), referred to as the trivial equilibrium. Moreover, we can include the linear part of f at 0 in the
term containing the integral. As a result of this rearrangement we have f = O(|x|2). The associated dispersion
relationship at the trivial equilibrium (obtained by linearization of (1) and evaluation on exponential functions
with parameter λ) reads:
∆(y, λ) = λI −
∫ h
0
dζ(y, τ)e−λτ . (3)
Characteristic exponents governing the stability of the trivial solution are the values of λ such that ∆(y, λ) = 0.
Now that these elements have been introduced, we state a generalization of the Fenichel theorem [12] to the
context of delay equations of the form (1). As mentioned this result has been proved in much larger generality
in [14]. Our proof may be easy to follow due to the relatively simple setting and more ‘classical’ approach.
Moreover, the proof is used further in the paper as a basis for the proof of the theorem on canard explosion
(more specifically, to prove the forthcoming Lemma 1).
Theorem 1 (Hupkes & Standstede [14]). Suppose that there exist y1 < y2 such that the characteristic roots for
y ∈ [y1, y2] (i.e., solutions of ∆(y, λ) = 0) are not on the imaginary axis. Then, for ε > 0 sufficiently small,
there exist:
(i). a slow manifold Sε of the form x = φ(y), y ∈ [y1, y2], satisfying φ = O(ε),
(ii). a finite dimensional unstable manifold Wuε consisting of all the solutions that are exponentially repelled
from Sε. Any solution starting close to Sε becomes O(e
−c/ε) close to Wuε before leaving a small neighbor-
hood of Sε.
The proof of this theorem is provided in appendix A.
1.2 Center manifold near singularities of the fast system
In this section we turn our attention to the behavior of the system close to singularities of the fast system; we
discuss center manifold reductions around fold, canard and Bogdanov-Takens points. We consider a system of
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the form (1), and assume that there exists a fold point. This means that there exists y0 such that the trivial
solution of (1) has a simple 0 eigenvalue, i.e. the equation ∆(y0, λ) = 0 has a simple root λ = 0. For simplicity
of notation we assume that y0 = 0. Let L denote the linear operator on X given by
L(Φ) =
∫ h
0
dζ(0, τ)Φ(−τ)dτ.
It follows that L has a simple 0 eigenvalue. We consider the extended system
x′ =
∫ h
0
dζ(y, τ)xt−τ + f(xt, y, ε)
y′ =εg(x, y)
ε′ =0.
(4)
Note that the point (0, 0, 0) is a non-hyperbolic equilibrium with three eigenvalues equal to 0. It follows
from center manifold theory for delay equations [11, 9] that there exists a three dimensional center manifold
containing this point. Let Φ be the eigenfunction of the 0 eigenvalue and let Ψ the the eigenfunction of the 0
eigenvalue of a suitably chosen adjoint operator, which are both constant functions in the case of λ = 0. Let P
be the projection with Im (P ) = span(Φ) and the kernel given by the direct sum of the remaining eigenspaces.
We have the following result.
Proposition 1. There exists a function h : R3 → kerP such the center manifold is given by
{(xcΦ + h(xc, y, ε), y, ε) : (xc, y, ε) are in a small neighborhood of (0, 0, 0).}
The reduction of (4) to the center manifold has the form
x′c =fc(xc, y, ε)
y′ =εgc(xc, y, ε)
ε′ =0,
(5)
with
gc(xc, y, ε) =g
(
xcΦ + rh(xc, y, ε), y, ε
)
,
fc(xc, y, z) =Ψr(f
(
xcΦ + h(xc, y, ε), y, ε)
)
,
(6)
where r is the operator assigning to an element x ∈ X its value at 0 x(0).
Proof. We refer to [11] for details on center manifold reduction. Here we just point out that the eigenspace
of 0 consists of a vector φ ∈ X and the vectors (0, 1, 0)T and (0, 0, 1)T in the y and ε directions. Hence, the
reduction in the y and ε directions is the same as in the ODE case.
We say that the point (0, 0, 0) is a non-degenerate fold point if fc,xx(0, 0, 0) 6= 0, fc,y(0, 0, 0) 6= 0 and
gc(0, 0, 0) 6= 0. If gc(0, 0, 0) = 0 then (0, 0, 0) is a canard point. Non-degeneracy conditions for a canard point
are complicated in general. These are recalled in the course of appendix B. We will not restate them here but
rather refer the reader to [15] (the presence of delays does not modify these conditions since we have reduced the
problem on a finite- dimensional manifolds). In the specific example we consider in the sequel these conditions
are simpler and will be verified. The dynamics of a fold point or a canard point restricted to the center manifold
is now as described in [15].
Finally, consider a system of the form (1) at a fold point with an additional degeneracy of Bogdanov-Takens
type. This means that there exists y0 such that the trivial solution of (1) has a double 0 eigenvalue with one
eigenvector and one generalized eigenvector. In the extended system (4), this point is thus a non-hyperbolic
equilibrium with four eigenvalues equal to 0. It follows from center manifold theory for delay equations [11, 4]
that there exists a four dimensional center manifold containing this point. Reduction of the system around this
point is similar to that of the previous section, and detailed calculations are provided in the particular case of
the delayed van der Pol system in [17].
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1.3 Canard explosion
We consider a system of the form (4), depending on a regular parameter µ with an S-shaped critical manifold,
as shown in Fig. 1. Fix µ = µ0. Let
S = S− ∪ {(xm, ym)} ∪ Sr ∪ {(xM , yM )} ∪ S+.
The following hypothesis are necessary for a canard explosion result:
(H1) (xm, ym) and (xM , yM ) are a non-degenerate canard point and a non-degenerate fold point.
(H2) S− ∪S+ consists of sinks of (2) and Sr consists of saddle points with one dimensional unstable direction.
(H3) There exist connections from Sr → S± as shown in Fig. 1.
We will verify hypotheses (H1) and (H2) in the context of (12) and present numerical evidence that (H3) is
also satisfied. For the remainder of this section we assume that (H1)-(H3) hold. We begin with a result on
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Figure 1: Slow and fast dynamics for ε = 0 necessary for a canard explosion. Thick black S-shaped curve is
the critical manifold, thin phaselines are schematics of the fast dynamics. Picture drawn in the case of the vdP
system (12).
extending a center manifold Cε existing near the canard point.
Lemma 1. The manifold Wu(Sr,ε) obtained by Theorem 1 and the center manifold Cε near the canard point
obtained by Proposition 1 can be chosen to overlap. More specifically, there exists a choice of Wu(Sr,ε) (including
a choice of Sr,ε itself) and a choice of a center manifold Cε so that the two manifolds overlap on a neighborhood
of a segment of Sr,ε.
This lemma is illustrated in Fig. 2.
Proof. First note that the manifolds Cε and W
u(Sr,ε) can be chosen so that their regions of existence overlap
(see Fig. 2). On the overlap, the tangent spaces to Cε and W
u(Sr,ε) are close to each other, by construction.
Hence, on the overlap, the two manifolds are close to each other. Note further that near the canard point the
stable part of the spectrum is bounded away from 0, and hence, one can choose a neighborhood V ⊂ X of
Wu(Sr,ε) such that the trajectories in V are exponentially attracted to W
u(Sr,ε) as long as they stay in V . By
choosing the domain of existence of Wu(Sr,ε) so that it extends sufficiently close to the fold we can guarantee
that Cε has a non-empty intersection with V . More specifically, we can choose a subset of Cε containing an
interval I0 defined by y = y0 bounded by two points (xc1, y0) and (xc2, y0) such that Φc,t(xc1, y0) escapes from
Cε towards S−,ε and Φc,t(xc2, y0) escapes from C towards S+,ε (Φc,t denotes the flow of (5)). We consider an
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Figure 2: Center manifold Cε, stable manifold S+,ε and the unstable manifold of the saddle-type slow manifold
Sr,ε (see Lemma 1).
interval I1 ⊂ {y = y1} ⊂ Cε given by a transition map from I0 to I1 by the flow Φc,t By exponential attraction
of Wu(Sr,ε) the interval I1 is exponentially close to W
u(Sr,ε). We now extend the manifold Cε by applying
the semi-flow Φt to initial conditions in I1 and intersecting with V . This gives a C
0 manifold C˜ε exponentially
close to Wu(Sr,ε). To see that there exists a choice of Cε such that this extension is smooth we modify the
construction of Cε and W
u(Sr,ε) by first multiplying g in (28) by a cut-off function which is 0 on a small
neighborhood of the canard point and 1 outside of a small neighborhood of the canard point. Subsequently we
apply the argument sketched in Appendix A with the domain in the slow direction of y extended to include a
neighborhood of the canard point and with the linear flow defined by the modified (28). This flow is stationary
in the y direction as long as the modified g equals 0 and is defined by (29) when the modified g is positive.
Note that the proof now yields a manifold which is gives a choice of Cε near the canard point and a choice of
Wu(Sr,ε) away from the canard point. The proof can be extended in the standard fashion to show that the
manifold obtained in this manner is smooth.
Lemma 2. There exists a choice of the stable slow manifold S+,ε and the center manifold Cε such that a
segment of S+,ε is included in Cε. Moreover, Cε can be chosen as specified in Lemma 1 and there exists a
smooth curve in the parameter space of the form (µc(ε), ε) such that if µ = µc(ε) then S+,ε connects to Sr,ε.
The connection from S+,ε to Sr,ε is called a canard solution.
Proof. We first modify the construction of Cε and S+,ε to ensure that a segment of S+,ε is included in Cε. Note
that S+,ε is defined as a graph of a function Φε : R→ X. We define ϕε = r(Φε(y)), where r is the restriction
operator introduced in Appendix A. The invariance of S+,ε now implies
εϕ′ε(y)g(ϕε(y), y) =
∫ h
0
dζ(y, τ)Φε(y)(−τ) + F (ϕε(y), y). (7)
Note that ϕε is not defined on the neighborhood of (xm, ym). We extend it by an arbitrary function, just
making sure the extension has the same degree of regularity. We fix y1 and y2 satisfying ym < y1 < y2 < yM
and let κ : R → R be a non-negative function equal to 1 on [y1, y2] and 0 on a neighborhood of ym. Let
ψε(y) = κ(y)ϕε(y). We define a new variable
x˜ = x− ψε(y) (8)
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and transform (1) to the new variables. It follows from (7) that (1) transforms to
x′ =
∫ h
0
dζ(y, τ)xt−τ + f˜(xt, y, ε)
y′ =εg(x+ ϕε(y), y),
(9)
where f˜(0, y, ε) = Dxf˜(0, y, ε) = 0. We now pick y3 between y2 and y1 and let η(y) be a C
∞ function which
satisfies η′ > 0 for y > y3, η(y2) = 0, η(y) = 1 for y < y3. We consider the system
x′ =
∫ h
0
dζ(y, τ)xt−τ + f˜(xt, y, ε)
y′ =εg(x, y)η(y).
(10)
Note that (10) has a saddle type equilibrium point at (0, y2) with one dimensional unstable manifold. We now
construct a center manifold for (9) near the canard point (xm, ym). Note that, by choosing y2 sufficiently small,
we can ensure that the added saddle point is on the center manifold C˜ε, as well as its unstable manifold, which,
for y ∈ (y1, y2), coincides with the line x = 0. To complete the proof of the claim we make two observations.
First, since the dynamics of (9) and (10) coincide on a small neighborhood of the canard point, C˜ε defines also
a center manifold of (1). Second, since the dynamics of (10) and (9) are the same for (y2, y3), the line segment
{(0, y), y ∈ (y2, y3)} is both on C˜ε and corresponds to a segment of S+,ε. The first claim of the lemma follows.
To prove the second claim note that the argument in the proof of Lemma 1 can be applied independently
of the one described in the preceding paragraph, so that the manifold Cε can be extended all the way to the
vicinity of (xM , yM ). The existence of a connecting orbit from S+,ε to Sr,ε is then a direct conclusion of the
arguments in [15] as segments of both S+,ε and Sr,ε are contained in C˜ε. As in [15] we set up a Melnikov integral
and observe that its value is determined, up to exponentially small terms, by the restriction of the flow on Cε
to a small neighborhood of the canard point.
We now formulate conditions that guarantee the stability of canard cycles, see [16]. Let λp(y) be the unique
positive root of ∆(λ, y) = 0 corresponding to the saddle-type part of S0. Let λn,+(y) be the largest characteristic
root corresponding to the right branch of S+. We parametrize the branches of S between the fold points,
associated with y = ym and y = yM as (y, φ−(y)), (y, φr(y)) and (y, φ+(y)), with (y, φ−(y)) and (y, φ+(y))
corresponding to the stable branches and (y, φr(y)) to the saddle type branch. For every y∗ satisfying ym <
y∗ < yM let
Rn,+(y) =
∫ y∗
ym
λn,+(y)
g(φ+(y), y)
dy
Rn,−(y) =
∫ yM
y∗
λn,−(y)
g(φ−(y), y)
dy
Rp(y) =
∫ y∗
ym
λp(y)
g(φr(y), y)
dy.
(11)
We make the following assumption:
(H4) Rn,+(y∗) > Rp(y∗) for every y∗ satisfying ym < y∗ < yM .
Theorem 2. Suppose (H4) holds, in addition to (H1)-(H3). Then, for every ε sufficiently small, there exists
a family of canard cycles continuing from small, Hopf type cycles to relaxation cycles, through canards with no
head and subsequently canards with head. The transition from small canards to canards with large head takes
place in an exponentially small interval of the parameter µ. The cycles are stable and unique (at most one for
each choice of (µ, ε)) and depend smoothly on the parameters.
Proof. The hypotheses (H1) - (H4) guarantee the local part of canard explosion restricted to the center
manifold. By Lemmas 1 and 2 we can choose Cε so that it contains a segments of S+,ε and extends to W
u(Sr).
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We can now measure the separation between S+,ε and Sr,ε in the 2-dimensional center manifold Cε, in which
the flow is as described in [16, 15]. When S+,ε and Sr,ε are exponentially close, which corresponds to the
parameter region very close to the locus of a connection from S+,ε to Sr,ε, then the forward continuation of
S+,ε follows W
u(Sr,ε) for a time of order O(1/ε) and splits off towards either S+,ε or S−,ε. Either way, it
ends up being attracted to S+,ε and returning very close to itself in the vicinity of the canard point. We now
define a section of the flow ∆ by the requirement xc = xm and let p+,ε = S+,ε ∩ ∆. Further we consider a
small neighborhood U of p+,ε in ∆. Note that under the assumptions made above the Poincare´ map from U
to ∆ is well defined, provided that U is sufficiently small. Due to (H4) this Poincare´ map is an exponential
contraction mapping U into itself, which implies the existence of an asymptotically stable canard cycle. One
can now apply standard theory for limit cycles to conclude that canard cycles depend smoothly on parameters
if ε > 0. Moreover, all canard cycles must be in an exponentially small wedge of the parameter plane around
the curve µc(ε) corresponding to a connection from S+,ε to Sr,ε. By Lemma 2 µc(ε) depends smoothly on ε
and other parameters, also in the limit ε→ 0.
We define pcan ∈ ∆ the unique intersection point of ∆ with a canard cycle (whenever such an intersection
exists). We now characterize how pcan and its derivatives with respect to the regular parameters and ε behave
as ε→ 0.
Proposition 2. The point pcan is uniformly O(e
−c/ε) close to p+,ε, where c > 0 is a fixed constant. Similarly
any derivatives of pcan with respect to ε and regular parameters are uniformly O(e
−c/ε) close to the corresponding
derivatives of p+,ε. An analogous statement holds for higher order derivatives.
Proof. We treat the case of canards without head, the other case is similar. Our results developed to this point
give smooth dependence of p+,ε on regular parameters and ε in the limit ε → 0. We claim that this assertion
holds for Πk(p+,ε), for any positive k, and the derivatives of Π
k(p+,ε) are exponentially close to the derivatives
of p+,ε. An analogous statement about pcan now follows from the following facts: Π
k(p+,ε) converges to pcan
and Π is a uniform contraction. A similar argument can be applied to higher derivatives..
To see that the claim holds first note that the trajectory of p+,ε is contained in W
u(Sr,ε), which is a 2D
smooth manifold. Smoothness is assured to some point p˜+,ε, where the trajectory leaves the vicinity of Sr,ε.
Now it is possible to adapt the methods developed above to prove that the forward trajectory of p˜+,ε gives a
good choice of S+,ε. To do this we can first modify the flow near Sr,ε so that p˜+,ε is in a one dimensionnal
unstable manifold of a true equilibrium on Sr,ε and the forward trajectory of p˜+,ε is unchanged. We can now
extend this unstable manifold, using a similar approach as in the proof of the existence of a slow manifold,
using the contraction near the equilibrium to prove smoothness. Finally, we can extend this construction to the
vicinity of S+ using a variant of the trick used in Lemma 1. We use a smooth partition of unity (depending on
t) to define a linear operator which during the passage from p˜+,ε is given by the linearization along the unstable
manifold and near Sa is given by (29). It now follows that this trajectory gives a choice of S+,ε and the claim
on smoothness follows for k = 1. Now we apply a similar argument as in Lemma 2 finding a smooth center
manifold Cε and a smooth manifold W
u(Sr,ε which contain the extension of S+, ε. It follows that Π(p+,ε) is
on the modified manifold Cε, so that we can apply the same argument to prove an analogous result for k = 2.
Proceeding by induction we obtain the result for all k. The result on the estimate of the derivatives of Πk(p+,ε)
follows from the fact that each such point corresponds to a choice of S+,ε and the derivatives of S+,ε obtained
by different constructions cary by an exponentially small amount.
If (H4) does not hold it is possible to obtain partial results, based on the following.
Theorem 3. Suppose that (H1)-(H3) holds and Rn,+(y∗) > Rp(y∗) for some y∗ ∈ (ym, yM ). Then there
exists a smooth curve in the parameter plane of the form (µ(ε), ε) corresponding to the locus of existence of
canard cycles with no head passing through the point (xm, y∗). The canard cycles belonging to this family are
asymptotically stable and depend smoothly on ε. Similarly, suppose that Rn,−(y∗)+Rn,+(yM ) > Rp(y∗) for some
y∗ ∈ (ym, yM ). Then there exists a smooth curve in the parameter plane of the form (µ(ε), ε) corresponding to
the locus of existence of canard cycles with head passing through the point (xM , y∗). The canard cycles belonging
to this family are asymptotically stable and depend smoothly on ε.
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Proof. The proof is analogous to the proof of Theorem 2.
Remark 1. Note that the condition Rn,−(y∗) +Rn,+(yM ) > Rp(y∗) must be satisfied for y∗ sufficiently small.
This implies that canards with ‘large head’ must exist and be stable. Similarly, canard explosion is locally always
either subcritical or supercritical if a non degeneracy condition holds (see [16]). Finally, all canard cycles whose
existence follows from Theorem 3 are exponentially close in the parameter space to a segment of the canard
solution and therefore the µ(ε) values they correspond to must be exponentially close to µc(ε). This means that
there exists a weak version of a canard explosion even if (H4) does not hold, namely a transition from small
cycles to canard cycles with ‘large head’ which occurs in an exponentially small region.
2 Application to the delayed van der Pol system
We now investigate the presence of canard explosions in the delayed van der Pol (vdP) equation. This model,
motivated by the analysis of firings of neurons, is given by the equations (see [17]):{
x′t = xt − x
3
t
3 + yt + J(xt − xt−τ )
y′t = ε(a− xt).
(12)
In that model, modification of the mean-field limit of a Fitzhugh-Nagumo system, x represents the voltage of
a cell and y is a slow adaptation variable, J represents the average coupling strength between neurons, τ the
average delay of communication between the cells and a is related to the input received by the neurons. When
τ = 0, one recovers the classical vdP system. This equation has been the first example of system with canard
explosion [1]: for a > 1, the system has a unique, globally attractive fixed point, that looses stability at a = 1
through a supercritical Hopf bifurcation. A family of limit cycles emerges starting with small amplitude Hopf
like periodic orbits that rapidly turn into relaxation cycles as a is decreased, through canards with no head and
then canards with head.
We shall consider now the effect of the delay on the canard transition. We show that, as an application
domain theorems 2 and 3, this system displays canard explosion as delays are varied, for Jτ < 1. For Jτ > 1,
the instability created by the delay interacts with the instability given by canard explosion leading to much
more complex dynamics [17].
2.1 Equilibria and stability of the fast equation
The fast equation is given by the solution of the singular limit ε→ 0 in equation (12), i.e.:
x′t = xt −
x3t
3
+ y + J(xt − xt−τ ) (13)
where y is considered as a parameter, corresponding to the value of yt, which is constant in the singular limit.
Fixed points are given by the solutions to the algebraic equation:
x− x
3
3
+ y = 0,
which has three real solutions (fixed points) when |y| < 23 and one fixed point otherwise. Note that the
solutions to this equation constitute the critical manifold of (12). Fixed points can be written in closed from
using Cardano’s method. For |y| > 2/3, the unique solution is given by:
x0 =
(
3y +
√
9y2 − 4
2
)1/3
+
(
3y −
√
9y2 − 4
2
)1/3
and for |y| < 2/3, the three solutions are given by
xk = 2 cos
(
1
3
arccos
(
3y
2
)
+
2kpi
3
)
, k = 0, 1, 2.
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and for y = ±2/3, there is a double root x = ∓1 and a simple root x = ±2. There are hence three branches of
fixed points: x+(y) ≥ 1 corresponding to the branch of solutions for y ≥ −2/3, x−(y) ≤ −1 corresponding to
y ≤ 2/3 and x0(y) ∈ [−1, 1] defined for y ∈ [−2/3, 2/3]. This manifold is displayed in Fig. 1.
We now show that x0(y) is a saddle with one unstable direction, and x±(y) are stable as long as Jτ < 1. In
order to prove this, we analyze the characteristic roots ξ of the system, i.e. solutions to (3), reading in our case:
ξ = 1− (x∗)2 + J − Je−ξτ (14)
This equation may be solved using special functions1. Since for τ = 0, x0 is a saddle with a single unstable
direction and x±(y) are stable, we only need to show that there is no delay-induced bifurcation for Jτ < 1.
First, saddle node bifurcation arise when there exist characteristic roots ξ equal to 0: this occurs if and only if
x∗ = ±1, i.e. y = ± 23 , independently of the delay τ and the coupling strength J .
Hopf bifurcations in the fast system occur when ξ = iζ for ζ > 0. In that case, taking the imaginary part of
the dispersion relationship, we obtain:
ζ = J sin(ζτ), i.e. Jτ =
ζτ
sin(ζτ)
≥ 1.
Therefore, the fast system does not undergoes Hopf bifurcations as long as Jτ ≤ 1.
We conclude that the stability of the branches of the critical manifold is as for τ = 0 as long as Jτ < 1,
ensuring validity of (H1) and (H2).
2.2 Local canard explosion
Due to center manifold reduction (proposition 1), the analysis of local canard explosion is similar as for a system
in two dimensions as performed in [16]. The existence of a global canard explosion relies on the hypotheses
(H3)-(H4) that will be checked in the next sections, and the present section is devoted to the local canard
explosion.
It follows from the calculations in Section 2.1 that the line line segment a = 1, 0 ≤ τ < 1/J in the parameter
space (a, τ) corresponds to the locus of canard points. To understand the details of local canard explosion we
derive the reduction of (12) to a center manifold at the canard point, see Section 1.2 for a general description
of such a reduction. To carry out the reduction we use the fact that a canard point is a special case of a a
Bogdanov-Takens point. Further we observe that (12) has the same structure as (3.8) in [10], hence we obtain
our normal form by following closely the approach of [10]. In addition we take advantage of the fact that our
nonlinearity is independent of the delay (see [17, Appendix] for a similar reduction, in the context of Hopf
bifurcation in (12)). The reduction followed by a reflection in the x˜ variable, yields the following system on the
center manifold: {
dx˜
dθ = −y˜ + x˜2 − x˜
3
3 + a1εx˜+ hot
dy˜
dθ = ε˜(x˜− a˜+ hot),
(15)
where a˜ = 1− a,
a1 =
Jτ2
2(1− Jτ) , (16)
and hot denotes higher order terms which have no influence on qualitative and low order quantitative features
of canard explosion [16]. If the hot terms are omitted (15) differs from the classical van der Pol system by the
term a1εx˜. Note that a1 is positive and blows up as τ approaches 1/J . The coefficient a1 does not influence the
1Indeed, the solutions to the characteristic equation are given by the Lambert functions Wk (the different branches of the inverse
of x 7→ xex, see e.g. [6]):
ξ = A+
1
τ
Wk
(
−τJe−τA
)
with A = 1− (x∗)2 + J . The stability of x∗ is hence governed by the sign of the real part of the rightmost eigenvalue, given by the
real branch W0 of the Lambert function, and if the argument of the Lambert function has a real part greater than −e−1 the root
is unique. If not, we have two eigenvalues with the same real part corresponding to k = 0 or −1.
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coefficient A defined in [15], which determines the criticality of canard explosion. The feature changed by a1 is
the position of the Hopf and canard curves in the (a, ε) plane. For τ = 0 the Hopf curve is is given by a = 1 and
the canard curve is in the half plane a < 1. As τ increases, the two curves turn to the right and eventually are
both located in the a > 1 half plane. This feature allows for a very interesting version of a canard explosion:
starting with a < 1 and τ = 0 one can follow the evolution of the stable limit cycle as τ is increases while a
is kept fixed. Due to the movement of the canard line the parameter point (a, τ) approaches and eventually
passes through the canard line, which gives a canard explosion. This is shown in Figure 6.
2.3 Existence of connections
In order to complete our proof of the presence of canards explosions, we now investigate the persistence of
connections, in the fast system, from the saddle fixed point to one branch of the critical manifold (hypothesis
(H3)). To this end, one needs to show a global convergence result for a one-dimensional delayed differential
equation, which is a complex problem. Ample numerical simulations (see Fig. 3) show that such connections
exist when J = 2 and 0 < τ < 1/J . While we conjecture that connections persist for any Jτ < 1, we
0
0.5
1
1.5
2
2.5
0 2 4 6 8 10
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(b) τ = 0.4
Figure 3: Persistence of connections for J τ < 1. Here, J = 2 fixed. (a) y = 0 and different values of τ (from
right to left, τ = 0.1, 0.2, 0.3, 0.4). (b) τ = 0.3 fixed, and y ranging from 0 to 0.6 (steps 0.1). Initial condition
was always set to xt = x0 for t ∈ [−τ, 0] and x(0) = x0 + 0.01 (where x0 is the saddle fixed point). We observe
in (a) that the connection persists for increasing values of τ , but the attractivity of the fixed point decays, and
in (b) that the connections persist all along the branch of unstable fixed points.
demonstrate:
Proposition 3. Connections from the saddle fixed point to one of the stable fixed points exist if Jτ < 12 .
Proof. We now consider |y| < 2/3, and denote x−(y) < x0(y) < x+(y) the three fixed points of the system.
The fixed point x0(y) was shown to be unstable, while the other two fixed points are linearly stable. We
aim at showing that solutions starting on the unstable manifold of the saddle solution x(t) ≡ x0(y) leave the
neighborhood of this solution and converge towards the equilibrium x(t) ≡ x+(y) as time evolves (the system
being symmetric by the transformation (x, y) 7→ (−x,−y), this case shows existence of connections on both
sides of the unstable equilibrium). We define z = x − x+(y) and introduce the van der Pol potential centered
around this point:
V (z) = −
∫ z
0
ψ(z) dz
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where ψ is the flow of van der Pol system:
ψ(z) = −
(
(−1 + x2+(y))z + x+(y)z2 +
z3
3
)
=: −
(
αz + βz2 +
z3
3
)
.
Let z(t) a solution of the delayed van der Pol system:
z˙(t) = ψ(z(t)) + J
(
z(t)− z(t− τ)
)
. (17)
We assume Jτ < 1/2 and define ρ = Jτ/(1− Jτ). We gather a few facts on ψ:
ψ(z) = −((β2 − 1)z + βz2 + 1
3
z3, β ∈ (1, 2],
and
ψ′(z) = −(β2 − 1) + 2βz + z2.
Let zmax be the local maximum point of ψ. One can verify by direct computation that
zmax = 1− β, ψmax = 1
3
(β − 1)2(β + 2). (18)
We now prove the existence of a trapping region. We begin with the following estimate:
z(t)− z(t− τ) =
∫ t
t−τ
z′(σ)dσ
=
∫ t
t−τ
ψ(z(σ)dσ + J
∫ t
t−τ
z(σ)− z(σ − τ)dσ
≤ τψmax + Jτ max
σ∈(t−τ,t)
(z(σ)− z(σ − τ)).
(19)
If z(t) is defined on (−∞,∞) then
max
σ∈(−∞,t)
z(σ)− z(σ − τ) ≤ τψmax + Jτ max
σ∈(−∞,t)
(z(σ)− z(σ − τ)).
It now follows that
max
σ∈(−∞,t)
J(z(σ)− z(σ − τ)) ≤ ψmaxρ < ψmax.
This implies that
min
σ∈(−∞,t)
ψ(z(σ)) ≥ −ψmaxρ
since ψ(z(σ)) = −ψmaxρ implies z′(σ) < 0. Hence
max
σ∈(−∞,t)
|ψ(z(σ))| ≤ ψmax
Now we can adapt the earlier argument to estimate |z(t)− z(t− τ)|:
|z(t)− z(t− τ)| =
∣∣∣∣∫ t
t−τ
z′(σ)dσ
∣∣∣∣
≤
∣∣∣∣∫ t
t−τ
ψ(z(σ)dσ
∣∣∣∣+ J ∣∣∣∣∫ t
t−τ
z(σ)− z(σ − τ)dσ
∣∣∣∣
≤ τψmax + Jτ max
σ∈(t−τ,t)
(|z(σ)− z(σ − τ)|).
(20)
12
Continuing as above we obtain
max
σ∈(−∞,t)
J |z(σ)− z(σ − τ)| < ψmaxρ.
We now have
d
dt
V (z(t)) = −ψ2(z(t)) + Jψ(z(t))(z(t)− z(t− τ)) < −ψ(z(t))2 + ψ2maxρ2. (21)
It follows that the solution must enter the region given by
{z ∈ (zmax,−zmax) : |ψ(z)| < ψmaxρ}. (22)
Remark 2. Note that there exists a constant K > 0 such that, if z ∈ (zmax,−zmax) satisfies |ψ(z)| < ρψmax
then |ψ′(z)| > 1/K.
Let m > 0 be an integer large enough so that ρ˜ = ρ + (Jτ)mK < 1. We now assume that t is sufficiently
large so that z(σ) satisfies (22) for σ ∈ [t−mτ,∞). We now refine the estimate (20), applying it iteratively m
times, to get
J |z(t)− z(t− τ)| =J
∣∣∣∣∫ t
t−τ
z′(σ)dσ
∣∣∣∣
≤ J
∣∣∣∣∫ t
t−τ
ψ(z(σ)dσ
∣∣∣∣+ J2 ∣∣∣∣∫ t
t−τ
z(σ)− z(σ − τ)dσ
∣∣∣∣
≤
m∑
l=1
(Jτ)lρψmax + (Jτ)
m max
σ∈(t−mτ,t)
(|z(σ)− z(σ − τ)|).
(23)
It follows that
J |z(t)− z(t− τ)| < ψmaxρρ˜
and consequently
d
dt
V (z(t)) = −ψ2(z(t)) + Jψ(z(t))(z(t)− z(t− τ)) < −ψ(z(t))2 + ψ2max(ρρ˜)2. (24)
for t such that z(σ) satisfies (22) for σ ∈ [t−mτ,∞). It follows that the solution must enter the region
{z ∈ (zmax,−zmax) : |ψ(z)| < ψmaxρρ˜}. (25)
Proceeding by induction we prove that for any integer l > 0 there exists t large enough so that the solution
enters the region
{z ∈ (zmax,−zmax) : |ψ(z)| < ψmaxρ(ρ˜)l}. (26)
It follows that z(t) converges to 0.
2.4 Stability hypothesis
The last property we need to show in order to apply theorem 2 is the stability assumption (H4). To this end, we
can readily express the contraction/expansion rates given by formula (11) thanks to the closed-form expression
of the eigenvalues of the system in terms of the Lambert function W0. These expressions were then evaluated
numerically. These computations showed that (H4) holds for smaller values of τ , but for τ > τ∗ ≈ 0.354 there
exists a subinterval of (−2/3, 2/3) where (H4) is violated, see Fig. 4.
It follows from Theorem 2 that for τ < τ∗ there exists a canard explosion analogous to the one occurring
in the classical van de Pol system. However, for τ > τ∗ this version of canard explosion may no longer be
present. There is still a weak version of canard explosion. Indeed, canards with ‘large head’ must exist and
be stable. Moreover, canard explosion occurs and is locally supercritical (as shown above). All canard cycles
13
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Figure 4: Comparison between the rates Rn,+(y∗) (blue curve) and Rp(y∗) (red curve) for J = 2 and three
values of τ . (a) (H4) holds for τ = 0.3 (b) The limiting case, τ = 0.354, where Rn,+(y∗) = Rp(y∗) appear to
be equal at one point. (c) (H4) no longer holds for τ = 0.37.
are exponentially close in the parameter space to a segment of the canard solution and therefore the locus
of the canard cycle is exponentially close to that of the maximal canard (see Remark 1). It is very difficult
to determine numerically whether complex dynamics occurs during a canard transition. Partial verification is
provided by period doubling cascades of small amplitude cycles, found for τ ≈ 0.4 (see Fig 5). Such period
doubling cascades can no longer be observed as ε → 0, but it is possible that they turn into period doubling
cascades of canards when ε is sufficiently small.
(a) Cycles
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0.9
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1
0.91 0.95 0.99
(b) Chaotic Orbit
Figure 5: Simulation of the delayed van der Pol equation for a = 1.01, and ε was increased to 0.05 in order to
follow the phenomenon. (a): τ = 0.4, τ = 0.401 and τ = 0.408. The cycle arising from the Hopf bifurcation,
after a few period doubling bifurcations, shows a chaotic profile τ = 0.41 (b), as illustrated by the Ruelle plot
(left) of the permanent dynamics on a Poincare´ section (blue line at w = −0.66).
The parameter point (a, τ) = (1, 1/J), it is shown [17] that the system undergoes a generic subcritical
Bogdanov-Takens (BT) bifurcation. The proof proceeds by center reduction manifold. It is however easy to
check that this point has the typical BT degeneracy, noting that the two-dimensional vector space of affine
functions belongs to the nullspace of the linearized operator at this point Lu = J(ut − ut−τ ), and moreover
one notes that the linearized operator maps t 7→ βt on the constant function β, ensuring that the linearized
equation has the typical shape of the BT singularity. As a result, for τ > 1/J , there is a Hopf bifurcation of
the fast system on S+, so that (H2) no longer holds for Jτ ≥ 1.
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Figure 6: Delay-induced canards in the delayed van der Pol system. ε = 0.05, a = 0.995. Dotted lines
correspond to the nullclines (red: x nullcline, green: y nullcline) and the curves represent trajectories in the
phase plane (x, y) for different values of the delay. 1. τ = 0.01, 2. τ = 0.07, 3. τ = 0.085, 4.τ = 0.08951569008,
5.τ = 0.08951569009, 6. τ = 0.089516, 7. τ = 0.0896.
3 Discussion
In this paper, we have extended the theory of canard explosions to a class of delayed differential equations, and
applied the theory to a delayed version of the van der Pol oscillator. We proved that for a wide range of delays,
the canard explosion is similar to the case of a system with one slow and one fast variables. However, as delays
are increased, several phenomena may occur. We have shown that delays can induce a destabilization the family
of small canard cycles. Moreover, delays may destabilize the stable branches of the critical manifold preventing
global canard explosion from occurring. For instance in the delayed vdP system, such a phenomenon arises
as delays are sufficiently large, through a Bogdanov-Takens bifurcation. In that regime, complex oscillatory
patterns arise, and will be further analyzed in [17]. Our work therefore extends the results demonstrated
in [2, 20] to equations with non-small delays or distributed delays.
This study opens the way to the analysis of canard phenomena in delay equations. In particular, we
expect to find interesting dynamical phenomena in systems with more slow directions and delays, where small
subthreshold oscillations due to folded singularities interact with the oscillatory instability induced by the delay.
In such systems, delay-induced MMOs or bursting shall emerge, mediated by the presence of canard solutions.
We eventually note that such intricate oscillatory patterns may also emerge from instabilities in the fast
equation with just one slow variable. This is in particular the case of the delayed vdP system which was shown
to undergo canard explosion in section 2. Indeed, as delays are increased to τ > 1/J , the equilibria of the fast
equation loose stability, leading the system to regimes of complex dynamics including Mixed Mode Oscillations,
bursting and chaos. We show such solutions in Fig. 7. These are further investigated in [17].
A Fenichel theory for delayed differential equations
We present here a sketch of the proof of theorem 1. For simplicity we assume that g(0, y, 0) 6= 0 for y0 ≤ y ≤ y1,
and without loss of generality assume g(0, y, 0) > 0 (this is the only case we need in our application). By
modifying the slow flow we can make sure that there exist equilibrium points ye0 < y0 and y1e > y1 such that
the hypothesis (H1) still holds, the slow flow is unchanged on [y0, y1] and there is a solution ξ(t) of
y˙ = g(0, y, ε). (27)
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Figure 7: Simulations of the delayed vdP system for a = 1, J = 2 and different values of τ . After the canard
explosion, complex oscillations arise, including Mixed-Mode oscillations and bursting.
The linear problem for (1) is as follows:
x′ =
∫ h
0
dζ(y, τ)x(t− τ)dτ,
y′ =εg(0, y).
(28)
Using the solution ξ(t) we get the following equivalent formulation of (28)
v′ =
∫ h
0
dζ(ξ(τ), τ)v(t− τ)dτ (29)
and let T (t) be the solution operator. Let
X− = {v ∈ BCη(R;X)) : lim
t→∞ e
−ηt‖T (t)v‖ = 0}, X−(τ) = {v(τ) : v ∈ X−}
X+ = {v ∈ BCη(R;X)) : lim
t→−∞ e
ηt‖T (t)v‖ = 0}, X+(τ) = {v(τ) : v ∈ X+}. (30)
Let P−(τ) qnd P+(τ) be projections onto the spaces X−(τ) and X+(τ) with kernel X+(τ) and X−(τ), respec-
tively. Consider
x′ =
∫ h
0
dζ(y, τ, ε)x(t− τ)dτ + εf˜(y),
y′ =εg(0, y)
(31)
where f˜ is defined by f(0, y, ε) = f(0, y, 0) + εf˜(y). We also define the operator r which assigns to a an element
of X its value at 0. Further, we modify r, replacing it with rmod, to ensure that (1) is equal to (31) outside a
small neighborhood of S0 = {(0, y), y ∈ [y0e, y1e]}, see [8] for details of a similar construction in the context of
the center manifold theorem. Finally, we define the operator F = (Ff ,Fs) which maps the space BCη(R;X×R)
into BCη(R;X × R) (η has to be chosen within the spectral gap), given by
Ff (ψ(t), φ(t))) =T (t)ψ(0) +
∫ t
−∞
T (t− τ)P−(τ)rmod(f(ψ(τ), φ(τ), ε))dτ
+
∫ t
∞
T (t− τ)P+(τ)rmod(f(ψ(τ), φ(τ), ε))dτ
Fs(ψ(t), φ(t)) =φ(0) + ε
∫ t
0
rmod(g(ψ(τ), φ(τ), ε))dτ.
(32)
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For each choice of rmod there exists a unique fixed point of F corresponding to a solution of (1) which defines
a slow manifold.
To construct Wu(Sε) we use a different version of the operator F , now defined on BCη(R−;X × R) into
BCη(R−;X ×R), where R− are non-positive real numbers. First of all, we note that the space X+ is finite, see
Chapter IV in [8]. Let k = dimX+. The fixed point equation
(ψ, φ) = F(ψ(t), φ(t)) (33)
defines a k dimensional submanifold of BCη(R−;X × R), for any η > 0 within the spectral gap. The elements
of this manifold define solutions of (1) on R. The manifold Wu(Sε) is obtained as the union of these solutions.
Smoothness of Sε or W
u(Sε) is proved analogously as in [8].
B Stone-Campbell small delay expansion
In the whole manuscript, we have worked with arbitrary delays. General analysis was provided for canard
explosions, and an analysis of the delayed van der Pol equation was provided and showed a vast repertoire of
behaviors above τ = 1/J . In [20], Stone, Campbell and Erneux proposed a method in order to characterize
canard explosions for delayed equations in the limit of small delays. In that regime, one may use the perturbation
result of Chicone [5] showing, in our case of the delayed vdP system, that the system has a two-dimensional
inertial manifold for τ sufficiently small. On this manifold, and in the limit of small delays, the term x(t)−x(t−τ)
is well approximated by τx′(t)− τ2/2x′′(t) + O(τ3). The method consists in using the fact that equation (12)
can be approximated at first order in τ by the solutions of the following ordinary differential equation:{
(1− Jτ)x′ = x− x33 + y
y′ = ε(a− x)
which can be written, through the change of time θ = t/(1− Jτ):{
dx
dθ = x− x
3
3 + y
dy
dθ = ε(1− Jτ)(a− x)
(34)
which precisely corresponds to the non-delayed van der Pol equation with a modified slow timescale ε˜(τ) =
ε(1 − Jτ). Classical methods from the ODE domain can thus be applied in order to show that a canard
explosion occurs, and to provide an approximate formula for the canard point. This follows classical theory
that we review here in the context of the vdP equation. Under a few geometrical conditions [16], a slow-fast
dynamical system generically presents canard explosion. These results can be summarized as follows. We
consider a two-dimensional slow-fast system of type:{
εx˙ = f(x, y, λ, ε)
y˙ = g(x, y, ε)
where λ ∈ (−λ0, λ0) is a parameter, and make the following assumptions:
A1. The critical manifold Σ = {x, y : f(x, y, λ, 0) = 0} is S-shaped for all λ, i.e. can be written as y = ϕλ(x),
and ϕλ has exactly one non-degenerate minimum xl(λ) and maximum xr(λ).
A2. The submanifolds Sl = Σ ∩ {x < xl} and Sl = Σ ∩ {x > xr} are attracting (∂f/∂x < 0) and Sm =
Σ ∩ {xl < x < xr} is repulsive (∂f/∂x > 0) for the layer problem
A3. Both folds are generic for λ 6= 0, i.e. for x∗ = xl or xr,
∂2f
∂x2
(x∗, ϕ(x∗), λ, 0) 6= 0 ∂f
∂x
(x∗, ϕ(x∗), λ, 0) 6= 0 g(x∗, ϕ(x∗), λ, 0) 6= 0
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and for λ = 0, one of the folds is a non-degenerate canard point, i.e. satisfies the two first differential
conditions of the fold and
∂g
∂x
(x∗, ϕ(x∗), 0, 0) 6= 0 ∂g
∂λ
(x∗, ϕ(x∗), 0, 0) 6= 0
A4. When λ = 0, the slow flow on Σ, namely g(x, ϕ0(x), 0, 0)/ϕ
′
0(x), is strictly positive on Sl ∪Sm ∪ {xr} and
strictly negative on Sr.
Then for ε and λ sufficiently small, the system has a unique equilibrium converging to the canard point as
(ε, λ)→ 0, and this point looses stability as λ is increased through a Hopf bifurcation. The small cycles arising
from the Hopf bifurcation (canard cycles) joins relaxation oscillations within an exponentially small interval of
λ of order O(e−K/ε).
It is very easy to see that these conditions readily apply to the case of the non-delayed van der Pol equation,
implying the existence of a canard explosion as a function of the parameter a. This is also true of the small delay
ODE (34). Indeed, ε˜(0) = ε, and for J > 0 as assumed here, the function τ 7→ ε(τ) is non-increasing. This type
of variation of the parameter is not usual in the analysis of the van der Pol equation, since our delay parameter
acts precisely on the timescale of the slow variable. In order to follow blow-up method used in [15, 16], we shall
define x˜ = −(x− 1) and y˜ = (y − 2/3). These variables satisfy the equations:{
dx˜
dθ = x˜
2 − x˜33 − y˜
dy˜
dθ = ε˜(x˜− a˜)
with a˜ = 1− a. It is then trivial to reduce it to canonical form [15, Section 3.1]:{
dx˜
dθ = −y˜h1 + x˜2h2(x˜) + εh3
dy˜
dθ = ε˜(xh4 − λh5 + yh6)
with h1 = h4 = −h5 = 1, h2 = 1− x/3 and h3 = 0, compute the coefficients
a1 =
∂h3
∂x
= 0, a2 =
∂h1
∂x
= 0, a3 =
∂h2
∂x
= −1
3
, a4 =
∂h4
∂x
= 0, a5 = h6 = 0
and we therefore conclude that the Hopf bifurcation arises at a˜H(ε, τ) = O(ε˜
2), this bifurcation is supercritical,
and the maximal canard appears at
a˜c(ε, τ) =
ε˜
8
+O(ε˜2) ∼ ε(1− Jτ)
8
.
Let us now consider the system with fixed a˜ > 0 small enough so that a˜H(ε, 0) < a˜ < a˜c(ε, 0). In that
case, the system with τ = 0 present small canard oscillations. As τ is increased, the value of the effective
parameter a˜c(ε, τ) decreases. Increasing τ with fixed a˜ will hence induce a canard explosion. Simulations of
the ODE system for small delay, provided in Fig. 8(a), indeed show that canard explosion as a function of
the delays. This diagram is compared to simulations of the original delayed van der Pol system and the same
qualitative scenario arises. However, for our choice of parameters, the delay corresponding to the bifurcation in
the approximated ODE, close to 0.11, is not very small and therefore it happens to slightly different from the
value corresponding to the delay differential equation (close to 0.09). Decreasing the value of ε and taking a
closer to 1 reduces the value of the τ corresponding to the bifurcation, making it closer from the simulations of
the actual system2.
The simulations of the original delayed van der Pol equations (12) for this set of parameters shows a very
clear delay-induced canard explosion, as shown in Fig. 8: for values of a smaller than 1 and no delay, the system
2We chose the parameters for Fig. 8 because it allows more flexibility for illustrating the phenomena (the canard explosion arises
on a broader interval of values for τ).
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Figure 8: Delay-induced canards in small delay approximated ODE (compare with Fig. 6). ε = 0.05, a =
0.995. Dotted lines correspond to the nullclines (red: x nullcline, green: y nullcline) and the curves represent
trajectories in the phase plane (x, y) for different values of the delay. 1. τ = 0.01, 2. τ = 0.11, 3. τ = 0.112,
4.τ = 0.112167578, 5.τ = 0.112167579, 6. τ = 0.1122.
presents small oscillations corresponding to the presence of the Hopf bifurcation for τ = 0 and a = 1. When
increasing the value of the delay, the amplitude of this small cycle suddenly becomes very large, corresponding
to relaxation oscillations. However, these cycles depart from the actual system and non-perturbative analysis
in the delay is necessary in order to uncover these phenomena, as provided in the main text. This is even more
true for a > 1, in which case canard explosion arise for relatively large delays.
References
[1] Benoit, E., Callot, J., Diener, F., Diener, M., et al.: Chasse au canard (premie`re partie). Collectanea
Mathematica 32(1), 37–76 (1981)
[2] Campbell, S., Stone, E., Erneux, T.: Delay induced canards in high speed machining. Dynamical Systems
24(3), 373–392 (2009)
[3] Campbell, S.A.: Calculating centre manifolds for delay differential equations using maple. In: Delay
Differential Equations, pp. 1–24. Springer (2009)
[4] Campbell, S.A., Yuan, Y.: Zero singularities of codimension two and three in delay differential equations.
Nonlinearity 21(11), 2671 (2008)
[5] Chicone, C.: Inertial and slow manifolds for delay equations with small delays. Journal of Differential
Equations 190(2), 364–406 (2003)
[6] Corless, R., Gonnet, G., Hare, D., Jeffrey, D., Knuth, D.: On the lambertw function. Advances in Com-
putational mathematics 5(1), 329–359 1019–7168 (1996)
[7] Desroches, M., Guckenheimer, J., Krauskopf, B., Kuehn, C., Osinga, H., Wechselberger, M.: Mixed-mode
oscillations with multiple time scales. SIAM Review 54(2), 211–288 (2012)
[8] Diekmann, O., van Gils, S.A., Lunel, S.V., Walther, H.O.: Delay equations: functional-, complex-, and
nonlinear analysis. None (1995)
19
[9] Diekmann, O., Van Gils, S.A.: The center manifold for delay equations in the light of suns and stars. In:
Singularity Theory and its Applications, pp. 122–141. Springer (1991)
[10] Fan, G., Campbell, S.A., Wolkowicz, G.S., Zhu, H.: The bifurcation study of 1: 2 resonance in a delayed
system of two coupled neurons. Journal of Dynamics and Differential Equations 25(1), 193–216 (2013)
[11] Faria, T., Magalha˜es, L.: Normal forms for retarded functional differential equations and applications to
the bogdanov-takens singularity. Journal of Differential Equations 122, 201–224 (1995)
[12] Fenichel, N.: Geometric singular perturbation theory for ordinary differential equations. J. Differential
Equations 31(1), 53–98 (1979)
[13] Grasman, J.: Asymptotic methods for relaxation oscillations and applications. Springer-Verlag (1987)
[14] Hupkes, H.J., Sandstede, B.: Traveling pulse solutions for the discrete fitzhugh-nagumo system. SIAM
Journal on Applied Dynamical Systems 9(3), 827–882 (2010)
[15] Krupa, M., Szmolyan, P.: Extending geometric singular perturbation theory to nonhyperbolic points—fold
and canard points in two dimensions. SIAM journal on mathematical analysis 33(2), 286–314 (2001)
[16] Krupa, M., Szmolyan, P.: Relaxation oscillation and canard explosion. Journal of Differential Equations
174(2), 312–368 (2001)
[17] Krupa, M., Touboul, J.: Delay-induced complex oscillations in the van der pol equation. (Submitted)
[18] Lagerstrom, P.: Matched asymptotic expansions: ideas and techniques. Springer (1988)
[19] Rinzel, J., Ermentrout, G.B.: Analysis of neural excitability and oscillations. In: Methods of Neuronal
Modeling, pp. 251–292. MIT Press (1998)
[20] Stone, E., Campbell, S.A.: Stability and bifurcation analysis of a nonlinear dde model for drilling. Journal
of Nonlinear Science 14(1), 27–57 (2004)
20
